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ABSTRACT
Learning covariance matrices of Gaussian distributions is at
the heart of most variable-metric randomized algorithms for
continuous optimization. If the search space dimensional-
ity is high, updating the covariance or its factorization is
computationally expensive. Therefore, we adopt an algo-
rithm from numerical mathematics for rank-one updates of
Cholesky factors. Our methods results in a quadratic time
covariance matrix update scheme with minimal memory re-
quirements. The numerically stable algorithm leads to tri-
angular Cholesky factors. Systems of linear equations where
the linear transformation is defined by a triangular matrix
can be solved in quadratic time. This can be exploited to
avoid the additional iterative update of the inverse Cholesky
factor required in some covariance matrix adaptation algo-
rithms proposed in the literature. When used together with
the (1+1)-CMA-ES and the multi-objective CMA-ES, the
new method leads to a memory reduction by a factor of
almost four and a faster covariance matrix update. The
numerical stability and runtime improvements are demon-
strated on a set of benchmark functions.

Keywords
CMA-ES, covariance matrix adaptation, rank-one update,
Cholesky factorization

1. INTRODUCTION
Adapting the covariance matrix of additive variation op-

erators is a key concept in evolution strategies (ES, [3]) and
estimation of distribution algorithms [11]. In many applica-
tions, the time needed for the covariance matrix update can
be neglected, because the algorithm’s computation time is
dominated by the objective function evaluations. However,
for high dimensional problems and/or objective functions
that can be evaluated quickly, the covariance matrix update
may become a bottleneck. For example, in the covariance
matrix adaptation ES (CMA-ES, [7, 6]), the number of ob-
jective function evaluations per iteration typically increases
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sub-linearly with the search space dimensionality n (e.g.,
λ = 3 + b3 lnnc, see [6]), while the cost of updating the full
n × n covariance matrix Σ of the search distribution (or a
factorization of Σ) is Ω(n2). Most often the update further
requires a decomposition of Σ in cubic time.

For large n, also the memory requirements can become
relevant, in particular in the multi-objective CMA-ES (MO-
CMA-ES, [8, 17]), where an individual covariance matrix is
stored for each individual.

Against this background, several ways to reduce the com-
plexity of the covariance matrix adaptation have been pro-
posed. The most basic strategy to reduce the time com-
plexity is to update the covariance matrix only every o(n)
iterations [7, 6]. However, this implies that the algorithm
does not optimally exploit the gathered information. And
indeed, postponing updates can lead to an increase in the
number of objective function evaluations needed to achieve
a desired objective function value [16].

Another approach is to impose restrictions on the covari-
ance matrices (e.g., [13, 14, 15, 1, 12]), that is, on the de-
pendencies (i.e., representations or encodings [5]), that can
be learnt. This way, linear time and space complexity can
be achieved. For example, Ros and Hansen present a CMA-
ES variant restricting the covariance matrices to be diagonal
[14], which works fine on separable objective functions. The
recent variant proposed in [1] additionally adapts one prin-
ciple component, which results in 2n parameters for repre-
senting Σ. Recently, Loshchilov proposed a different method
[12], which stores a subset of vectors that keep track of pre-
vious successful steps and adapts the matrix to make big
steps in these directions. These approaches restrict the gen-
erality of the CMA-ES and can lead to a significant decrease
in performance if the objective function does not match the
imposed restrictions (e.g., if there are many strong depen-
dencies between the variables).

To speed up the general covariance update, Igel et al. [10]
proposed a fast rank-one update of a non-triangular Cholesky
factor L of Σ (i.e., Σ = LLT ) when the update vector is a
previously sampled point from a normal distribution with
covariance Σ. The result was generalized in [16] to handle
arbitrary directions, which is necessary because it has been
proven to be beneficial to consider updates that do not just
depend on the last step in the search space (e.g., to use the
concept of an evolution path), by simultaneously updating
the inverse factor. Arnold and Hansen [2] extended the re-
sults to the case of the rank-one downdate, which can be used
to penalize certain search directions. The computation time
for the update of Σ with this type of algorithms is asymptot-



ically optimal and a rank m update requires O(mn2) compu-
tation time. These Cholesky-update based methods consid-
erably speed up the (1+1)-CMA-ES [10, 2] and in particular
the MO-CMA-ES [8, 17], which can be viewed as running
several (1+1)-CMA-ESs at the same time. However, they
have two obvious drawbacks. First, instead of Σ they main-
tain the not necessarily triangular Cholesky factor L. The
methods allowing for general updates additionally store the
inverse factor L−1. That is, instead of n(n + 1)/2 parame-
ters, 2n2 values have to be kept in memory. Second, L and
L−1 are updated independently of each other. This is not
elegant and bears the risk that the stored matrices L and
L−1 diverge in the sense that one is not the inverse of the
other due to numerical problems. However, the latter has
not been observed to cause problems in practice, see [16].

Both issues do not occur if L is triangular. First, then L
has only n(n+ 1)/2 parameters. Second, instead of storing
and iteratively updating L−1, which is only needed in the
update to compute w = L−1v, one can now solve Lw = v
for w in quadratic time. Furthermore, the above-mentioned
divergence problem cannot occur.

It turns out that the problem of a fast and efficient rank-
one update of triangular Cholesky factors is a classical ques-
tion in numerical mathematics. It has been solved in 1974
by Gill et al. [4]. In their work, the authors present various
O(n2) updates resulting in triangular Cholesky factors. Ver-
sions of the algorithms have been implemented in most ma-
jor software-libraries manipulating matrices, including Mat-
lab, LAPACK and the Eigen C++ library.

This paper shows how to adopt Gill et al.’s algorithms
for time and memory efficient as well as numerically stable
covariance matrix up- and downdates. We will introduce the
notation and recall the covariance matrix update currently
used in the (1+1)-CMA-ES in section 2. In section 3, one
variant of the triangular Cholesky update is described. The
next section shows how to use this update as part of the
(1+1)-CMA-ES. Section 4 presents timing experiments, and
we conclude in section 5.

2. COVARIANCE MATRIX UPDATES AND
THE CHOLESKY FACTOR

In the following, we will denote vectors by lower-case bold
italics (e.g., v ∈ RN ), scalar values by lower-case italics (e.g.,
v ∈ R), and matrices by captal letters (e.g., V ∈ Rn×n).
Sampling from an n-dimensional multi-variate normal dis-
tributionN (m,Σ), m ∈ Rn ,Σ ∈ Rn×n is usually done using
a decomposition of the covariance matrix Σ. This could be
the square root of the matrix Σ = HH ∈ Rn×n or some arbi-
trary (triangular or non-triangular) Cholesky factorization
Σ = LLT , which is related to the square root by L = HE
where E is an orthogonal matrix. We can sample a point z
from N (m,Σ) using a sample z ∼ N (0, I) by

x = Lz + m = HEz + m = Hy + m ,

where we set y = Ez. This holds as y ∼ N (0, I) since E
is orthogonal. Thus, as long as we are only interested in
the value of x and do not need y, we can sample using the
Cholesky factor instead of the matrix square root.

Adaptation of the covariance matrix is an important build-
ing block of evolutionary strategies. For example, the (1+1)-
CMA-ES creates a sequence of covariance matrices Σk ∈

Rn×n, k = 1, . . . , T , which are related by a rank-one-update

Σk+1 = αkΣk + βkvkv
T
k ,

where αk, βk ∈ R and vk ∈ Rn, k = 1, . . . , T . As we are not
interested in Σk itself but only in acquiring samples from the
normal distributionN (0,Σk), our goal is to find a simple up-
date to Hk or Lk such that Σk+1 = Hk+1Hk+1 = Lk+1L

T
k+1

under the constraint of O(n2) time and memory require-
ment. It turns out that there exists a fast update for the
Cholesky factor Lk but to date no formula for Hk is known.
The update of Lk is known from numerical mathematics

Lk+1 =
√
αkLk

(
I + γk

wkw
T
k

||wk||2

)
,

where wk = L−1
k vk, I is the n×n identity matrix and γk =√

1 + βk
αk
||wk||2 − 1, and has been applied in the context of

the (1+1)-CMA-ES in [10].
If the update direction vk corresponds to a sample Lkz,

z ∼ N (0, I), then we get w = z for free. However, this is in
general not the case, in particular when an evolution path is
used. The evolution path is a weighted average of successful
steps, and the potential sample that could have created this
step has to be found and we have to compute w = L−1

k vk.
The update above has the disadvantage that the Cholesky

factor Lk+1 is not triangular, even if Lk was. Thus, L−1
k+1

has to be updated and stored separately for being able to
calculate w in O(n2) time [16]:

L−1
k+1 =

(
I − γk

γk + 1

wkw
T
k

||wk||2

)
1√
αk
L−1
k (2.1)

3. A MORE EFFICIENT, TRIANGULAR
UPDATE

Even though the Θ(n2) time and space complexity of the
update rule described above is asymptotically optimal, it
is not fully satisfactory. Maintaining two non symmetric
Rn×n matrices for updating the n(n+ 1)/2 parameters of Σ
is inefficient.

Thus, we propose to replace this strategy by an update
rule that ensures that the Cholesky factors are triangular.
Then one has just to store the n(n+ 1)/2 parameters of the
Cholesky factor Lk, because it is possible to solve systems of
equations of the form Lkw = v using backwards substitution
efficiently in quadratic time.

Gill et al. [4] found solutions to the problem of updat-
ing triangular Cholesky factors in 1974. The authors offer
a number of algorithms for update and downdate realizing
different trade-offs between speed and numerical accuracy.
Interestingly, one of the algorithms can already be derived
by applying the standard decomposition algorithm. Other
updates using Gibbs or Householder transformations can be
developed as well, giving more numeric accuracy or having
faster implementations. We derive the triangular Cholesky
update using the Cholesky factorisation algorithm as a sim-
ple example in the following Lemma 1. Without loss of
generality, we will now assume α = 1.

Lemma 1. Let A = LLT ∈ Rn×n be symmetric positive
definite and L be a lower triangular matrix. Define a parti-
tion of A and L into blocks

A =

(
a11 aT21

a21 A22

)
=

(
l11 0
l21 L22

)(
l11 lT21

0 LT22

)
,



with a11, l11 ∈ R , a21, l21 ∈ Rn−1 and A22, L22 ∈ Rn−1×n−1.
Let

A′ = A+ βvvT ∈ Rn×n

with β ∈ R and v = (v1,v2) ∈ Rn, v1 ∈ R, v2 ∈ Rn−1.
There exists a lower triangular matrix L′ ∈ Rn×n such that
A′ = L′L′T . Let A′ and L′ have the same block structure as
A and L, respectively. It holds for L′:

l′11 =
√
l211 + βv2

1

l′21 =
l11l21 + βv1v2

l′11

L′22L
′T
22 = L22L

T
22 + β

l211

l′211

(
v2 −

v1

l11
l21

)(
v2 −

v1

l11
l21

)T
Proof. Using the block definition ofA′ the product L′L′

T

reads:

A′ =

(
l′

2
11 l′11l

′T
21

l′11l
′
21 L′22L

′T
22 + l′21l

′T
21

)
.

Using this we can now determine l′11 from a′11, l′21 from A′21

and L′22 from A′22. For l′11 holds

l′11 =
√
a′11 =

√
a11 + βv2

1 =
√
l211 + βv2

1

and for l′21 holds

l′21 =
A′21

l′11

=
a21 + βv1v2

l′11

=
l11l21 + βv1v2

l′11

.

Applying the above formulas to L′22L
′T
22 leads to:

L′22L
′T
22 = A′22 − l′21l

′T
21

= L22L
T
22 + l21l

T
21 + βv2v

T
2

− l11l21 + βv1v2

l′11

(
l11l21 + βv1v2

l′11

)T
= L22L

T
22 + β

(
1− βv2

1

l′211

)
v2v

T
2 +

(
1− l211

l′211

)
l21l

T
21

− βv1l11

l′211

(
l21v

T
2 + v2l

T
21

)
= L22L

T
22 +

βl211

l′211

v2v
T
2 +

βv2
1

l′211

l21l
T
21

− βv1l11

l′211

(
l21v

T
2 + v2l

T
21

)
= L22L

T
22 + β

l211

l′211

(
v2 −

v1

l11
l21

)(
v2 −

v1

l11
l21

)T

Thus, considering a rank-1 update of an n×n matrix A, we
can update one row and one column of a triangular Cholesky
decomposition of A in linear time. The remaining entries
can be computed by a rank-1 update of an (n− 1)× (n− 1)
matrix. Thus, if we apply this idea iteratively, we get the
full update in quadratic time:

Corollary 1. Let A = LLT ∈ Rn×n and A′ = L′L′T ∈
Rn×n as in Lemma 1. Let j ∈ {1, . . . , n} and define a par-
tition of L and L′ into blocks

L =

(
Bj,j 0
Bn−j,j Bn−j,n−j

)
, L′ =

(
B′j,j 0
B′n−j,j B′n−j,n−j

)

where Bj,j , B
′
j,j ∈ Rj×j, Bn−j,j , B′n−j,j ∈ Rn−j×j and

Bn−j,n−j , B
′
n−j,n−j ∈ Rn−j×n−j. There exists βj+1 ∈ R

and wj+1 ∈ Rn−j such that

B′n−j,n−jB
′T
n−j,n−j = Bn−j,n−jB

T
n−j,n−j + βj+1ωj+1ω

T
j+1

Proof. In the following, we sketch a proof by induction.
Setting j = 1 we can apply Lemma 1 directly, by setting
l′11 = B′j,j , l′21 = B′n−j,j and L′22 = B′n−j,n−j . We see

from Lemma 1 that L′22L
′T
22 is again a rank-1 update to the

submatrix L22L
T
22 of A by setting β2 = β

l211
l′211

and ω2 =

v2 − v1
l11

l21. We can thus apply Lemma 1 iteratively on the

block B′n−j,n−j , which prooves the result.

From the lemma above it follows that L′ can be computed
in a column-wise fashion, as for example by Algorithm 3.1.

Algorithm 3.1: Triangular rank-one update used in our
experiments

input : triangular Cholesky factor L ∈ Rn×n of matrix
Σ, α, β ∈ R, v ∈ Rn;

output: updated triangular Cholesky factor L′ of
αΣ + βvvT

1 ω ← v ;
2 b← 1;
3 for j = 1, . . . , n do

4 l′jj ←
√
αl2jj + β

b
ω2
j ;

5 γ ← αl2jjb+ βω2
j ;

6 for k = j + 1, . . . , n do
7 ωk ← wk − ωj

ljj

√
αlkj ;

8 l′kj =
√
α
l′jj
ljj
lkj +

l′jjβωj

γ
ωk;

9 end

10 b← b+ β
ω2
j

αl2jj
;

11 end

Lemma 2. Algorithm 3.1 computes L′ from L as defined
in Lemma 1.

Proof. For simplicity, we will again assume α = 1. We
will denote the value of b in the jth iteration before update
as bj . It is easy to see that the update of ω in line 7 is the
same as ωj+1 in Corollary 1. Therefore, it remains to show
that the updates of b, l′kj and l′jj are the same. For β

bj+1
it

holds by the update rule in line 10

β

bj+1
=

β

bj + β
ω2
j

αl2jj

=
β

bj

l2jj

l2jj + β
bj
ω2
j

=
β

bj

l2jj

l′2jj
.

Thus, as b1 = 1 it follows by induction that the l′jj have the
correct value and β

bj+1
= βj+1. This leaves to show that the



update of l′kj is correct. Note that γ = bl′
2
jj and thus

l′kj =
l′jj
ljj
lkj +

βωj
bj l′jj

(
wk −

ωj
ljj
lkj

)
=

(
l′jj
ljj
−

βω2
j

bj l′jj ljj

)
lkj +

βωj
bj l′jj

wk

=
ljj
l′jj

 l′2jj − β
bj
ω2
j

l2jj

 lkj +
βωj
bj l′jj

wk

=
ljj
l′jj
lkj +

βωj
bj l′jj

wk ,

which is identical to the update of the off-diagonal elements
in Lemma 1.

Variants of this algorithm are implemented for example
in Matlab as cholUpdate or in the Eigen C++ library as
LLT::rankUpdate. The pseudocode in Algorithm 3.1 corre-
sponds to the choleskyUpdate routine in the Shark library
[9] which is based on the Eigen implementation. All im-
plementations are in a form that can directly be used in
methods such as the (1+1)-CMA-ES (see Section 4.1) or the
MO-CMA-ES. It is interesting to note that this update does
not even require to solve a system of equations Lkw = v.

Note that the update rule proposed by Lemma 1 is numer-
ically very unstable for β < 0. Algorithm 3.1, however, is
more stable. To understand this, note that the initially pro-
posed update rule relies on the fraction l11

l′11
. As we perform

the update l′11 =
√
l211 + βv2

1 , in finite precision arithmetic,

the computed value of l′11, l̃′11 will differ from the true value,
that is, |l̃′11 − l′11| < ε for some ε > 0. The error of the
computation of l11

l′11
is then bounded by∣∣∣∣ l11

l′11
− l11

l̃′11

∣∣∣∣ < l11

l′11

∣∣∣∣ εl̃′11

∣∣∣∣ < l11

l′11

∣∣∣∣∣ 1
l′11
ε
− 1

∣∣∣∣∣ .
This error can become large in finite precision as with l211 +
βv2

1 ≈ 0 the problem of catastrophic cancellation leads to
greatly reduced precision when l11 � l′11 and thus ε becomes
large in relation to l′11. This problem becomes more severe
as the updated β′ is also computed based on this fraction,
which allows the error to accumulate over several iterations
leading to significant errors.

Algorithm 3.1 instead relies on l′11
l11

. In this case, the error
is bounded by ∣∣∣∣ l′11

l11
− l̃′11

l11

∣∣∣∣ < ∣∣∣∣ εl11

∣∣∣∣ ,
which remains small even in the presence of catastrophic
cancellation. In the case of ill-conditioned matrices, the up-
date scheme may lead to round-off errors, still, there ex-
ist update schemes that guarantee positive definiteness for
β > 0 [4].

As all operations in Algorithm 3.1 are in O(n) time in ev-
ery iteration of the outer loop, the whole update is O(n2),
where 3/2n2 + O(n) multiplications need to be computed,
which are split in n2/2 multiplications to update ωk and n2

multiplications to update Lkj . In comparison, the original
(1+1)-CMA-ES update [16, 2] takes 2n2 + O(n) multipli-
cations for updating Lk+1, where the operations are evenly
split between the computation of wk and the outer product
of Lk+1. Moreover, the original (1+1)-CMA-ES additionally

needs to update the inverse Lk+1 which costs 2n2 + O(n)
multiplications, leading to a total cost of 4n2 +O(n) multi-
plications, which makes the new update less expensive.

This suggests that one can expect a speed-up of the covari-
ance matrix update by a factor of 4/(3/2) = 8/3 ≈ 2.667.
This is only to be expected for small matrices which reside
fully in CPU-cache, because for large matrices the costs of
reading and writing to memory will dominate. As the new
algorithm requires less storage, it is also expected to reduce
the running time of the algorithm in the regime of large
matrices.

4. EXPERIMENTS & RESULTS
The new update rule is obviously more memory efficient

than the original (1+1)-CMA-ES update. To verify that it
is also faster in practice – as counting the basic operations
suggests – we experimentally compared efficient implemen-
tations of both update rules. We considered the (1+1)-
CMA-ES as an example. Next, we outline how the new
update rule can be applied within the (1+1)-CMA-ES with
active covariance matrix update. Then the experiments are
described and the results are presented.

4.1 (1+1)-CMA-ES with triangular
Cholesky update

For a detailed description of the (1+1)-CMA-ES we refer
to [16, 2]. The new (1+1)-CMA-ES using the triangular
Cholesky update is given in Algorithm 4.1, the values of the
constants are the same as suggested in [2] and are listed in
Table 4.1 for completeness.

In the kth iteration, an offspring individual xoffspring is
sampled from the current parent position xk using the cur-
rent Cholesky factor Lk from the covariance matrix Σk.
If the newly sampled individual has a better fitness than
the old, it is accepted and the expected success probability
psucc,k is updated accordingly. Based on the current success
rate, the step size σk is updated in an exponential fashion.
The remainder of the algorithm is devoted to the update of
the covariance matrix, which has three cases:

• if psucc ≥ pthresh, it is assumed that some directions of
the covariance matrix are too small, so that offspring
are not sampled exploratory enough around the cur-
rent point. To compensate this, the evolution path pc,k
is shrunk and the covariance matrix Ck is updated to
get overall a rounder shape.

• Otherwise, if the new offspring was successful, the evo-
lution path is updated to reflect the move in the di-
rection of xk+1 − xk and a rank-one update in the
direction of the evolution path is performed.

• In the case that the individual is particularly unsuc-
cessful, an active update takes place, which updates
Ck with a negative update weight to make far steps in
that direction unlikely.

We regard an individual to be unsuccessful when it is
worse than its 5th order ancestor, that is the xk that
is five successful steps in the past, not counting any
unsuccessful offspring.

Care has to be taken to ensure that Ck remains positive

definite, which is the case when 1− c−cov
1+c−cov

||Lkzk||2 > 0,



Algorithm 4.1: (1+1)-CMA-ES with active covariance
matrix update

external parameters: initial x0, σ0, L0

1 psucc,0 ← ptarget
succ , pc,k ← 0, k ← 0,

cL ← 1− ccov + ccovcc(2− cc);
2 repeat
3 zk ∼ N (0, I);
4 xoffspring ←mk + σkLkzk;
5 if f (xoffspring) ≤ f (mk) then
6 mk+1 ← xoffspring;
7 psucc,k+1 ← (1− cp) psucc,k + cp;

8 end
9 else

10 psucc,k+1 ← (1− cp) psucc,k;

11 end

12 σk+1 ← σk · exp
(

1
d

psucc,k+1−p
target
succ

1−ptargetsucc

)
;

13 if psucc,k+1 ≥ pthresh then
14 pc,k+1 ← (1− cc)pc,k;
15 Lk+1 ← choleskyUpdate(Lk, cL, ccov,pc,k+1);

16 end
17 else if f (xoffspring) ≤ f (x) then

18 pc,k+1 ← (1− cc)pc,k +
√
cc(2− cc) Lkzk;

19 Lk+1 ← choleskyUpdate(Lk, 1− ccov, ccov,pc,k+1);

20 end
21 else if xoffspring is unsuccessful then
22 c−cov = min{c−,max

cov , 1
2||zk||2−1

}
Lk+1 ← choleskyUpdate(Lk, 1 + c−cov,−c−cov, Lkzk);

23 end
24 t← k + 1;

25 until stopping criterion is met ;

ptarget
succ = 1

5+ 1
2

cp =
ptargetsucc

2+p
target
succ

d = 1 + n
2

cc = 2
2+n

ccov = 2
n2+6

c−,max
cov = 0.4

n1.6+1

σ0 = 1√
n

psucc,0 = ptarget
succ

Table 4.1: Constants used for the (1+1)-CMA-ES

as otherwise γk is undefined. To prevent numerical in-

stabilities, we choose c−cov = min
{
c−,max
cov , 1

2||zk||2−1

}
.

The function updateCovariance(L, α,β, v) implements the
rank-one update algorithm for L to replace an update of
the form αΣ + βvvT . In the experiments presented in the
next section, we used the variant described in Algorithm 3.1.
Again, note that the inverse of the Cholesky factor does not
occur in the algorithm in contrast to the variants presented
in [10, 16, 2].

4.2 Experimental setup
First, we conducted an experiment on the run-time of the

algorithm itself. We performed 100000 covariance matrix
update using the old formula and the new formula, respec-
tively, with varying dimensionality n ∈ {100, 200, 400, 800}
and measured the running time of both algorithms.

Second, we conducted experiments on 5 different randomly
rotated benchmark functions as well as their unrotated coun-
terpart: Rosenbrock, Cigar, Discus, Ellipsoid and DiffPow-
ers as defined in Table 4.3. For each function, we ran the
(1+1)-CMA-ES with active updates [2] for 10000 iterations
and 100 trials with both update rules. We measured the
total time summed up over all trials. We repeated every ex-
periment using different dimensionalities of the benchmark
functions varying n ∈ {100, 200, 400, 800}. In the experi-
ments we used the fact that the new algorithm produces tri-
angular matrices to speed up the sampling of the vectors by
using a matrix-vector product implementation, which takes
the triangular structure into account. However, to keep both
algorithms as comparable as possible, we maintained in both
cases the full Cholesky factor matrix with n2 entries.

We used Algorithm 4.1 as briefly described in Section 4.1.
and the Cholesky update algorithm given in Algorithm 3.1.
Our implementation is part of the open-source machine learn-
ing library Shark [9] and the code to run the experiments is
available in the suplementary material.

4.3 Results
The results for the first experiment are given in Table 4.2.

we see that the new algorithm always ran faster than the old
one. To measure the speed-up, we calculated the quotient
of the running time of the old algorithm and the new one.
For n = 100 the speed-up is almost exactly the value 8/3
suggested by the analysis of the running time. When n
increases, the differences become even larger with a factor
of 5.39 with n = 800. This is because accessing the RAM
takes a lot longer than accessing the CPU-Cache and with
growing dimensionality the matrix size exceeds the size of
the cache, in which case memory accesses become the bottle-
neck of the algorithm. As the new algorithm only accesses
1/4th the memory of the old algorithm, this is measureable
in running-time.

The results are given in Table 4.4 and the speed-up factors
are given in Table 4.5. When comparing the results of the
unrotated to the more expensive rotated functions, it can
be seen that the impact of the new algorithm becomes less
pronounced as the function evaluations become more expen-
sive, as is to be expected. We can see again that the new
update rule has a growing impact with increasing n which
leads to a cummulated speed-up factor of 2 for the unrotated
functions. The impact is not as strong as was suggested by
the stand-alone experiment as with growing n less offspring
are successful and thus less covariance matrix updates are
performed.

Both algorithms produced similar learning curves, which
can be seen from the median and the 25 and 75 percentiles
of the function values over the 100 trials as plotted in Fig-
ure 4.1.

n original update new update speed-up factor
100 3.11 1.16 2.68
200 12.18 3.88 3.14
400 51.36 13.75 3.74
800 284.19 52.69 5.39

Table 4.2: Results of the timing Experiments of 100000 up-
dates of the cholesky factor L in seconds. Speed-up is cal-
culated as timeorig/timenew.
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(c) Cigar
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(d) Discus
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(e) Ellipsoid

Figure 4.1: Median of the function values for the old and new update rule applied to the five test functions with different
dimensionalities n. The shaded areas indicate the 25 and 75 percentiles. Note that the graphs of the medians are largely
overlapping



name formula

Rosenbrock f(x) =
∑n
i=1 100(xi+1 − x2

i )
2 + (1− xi)2

Cigar fα(x) = αx2
1 +

∑n
i=2 x

2
i

Discus fα(x) = x2
1 + α

∑n
i=2 x

2
i

Ellipsoid fα(x) =
∑n
i=1 α

i
n x2

i

DiffPowers f(x) =
∑n
i=1 |xi|

2+10 i−1
n

Table 4.3: The formulas for the unrotated benchmark func-
tions, where in all experiments α = 10−3. The rotated func-
tions have the form g(x) = f(Rx), where R ∈ Rn×n is a
random rotation matrix.

5. CONCLUSION
We presented a result on updating Cholesky factors while

retaining a triangular shape and adopted it for covariance
matrix adaption in randomized search and optimization.
When employed within the (1+1)-CMA-ES and the the MO-
CMA-ES, it decreases the memory usage by almost a factor
of 4 and reduces computation time. The first is a direct re-
sult of storing only a triangular matrix instead of two full
square matrices, while the latter was confirmed by numeri-
cal experiments. The new update is easy to implement and
already part of major numeric libraries. Additionally it also
allows for less expensive sampling of points, because of the
triangular shape of the Cholesky factor. In summary, we see
no reason for preferring the original Cholesky factor update
rules (e.g., [10, 16, 2]) over the proposed type of methods.
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original update new update
n Rosenbrock Discus Cigar Ellipsoid DiffPowers Rosenbrock Discus Cigar Ellipsoid DiffPowers
unrotated
100 18.91 18.75 19.38 27.06 27.50 16.32 16.43 16.60 25.15 25.31
200 55.70 54.13 51.87 73.45 73.83 42.28 41.56 40.96 59.33 60.21
400 168.4 154.8 151.5 195.2 192.1 119.2 119.3 117.5 154.2 163.2
800 623.1 650.5 650.5 686.4 687.9 290.7 302.5 298.7 352.3 359.3
rotated
100 21.98 22.44 23.19 31.8 32.87 19.19 19.04 18.99 27.01 27.76
200 70.47 68.49 66.18 87.19 90.5 55.68 55.97 55.21 74.19 75.90
400 213.0 200.0 196.4 232.6 227.9 176.8 188.4 182.3 215.7 227.2
800 1036 1049 1052 1087 1098 712.4 720.1 721.6 776.3 798.8

Table 4.4: Results of the timing experiments in seconds with varying number of dimensionality n. Left: the original update
rule, Right: the new update rule. Experiments where run on the rotated as well as the unrotated functions.

n Rosenbrock Discus Cigar Ellipsoid DiffPowers
unrotated
100 1.16 1.14 1.17 1.08 1.09
200 1.32 1.30 1.27 1.28 1.23
400 1.41 1.30 1.29 1.27 1.18
800 2.14 2.15 2.18 1.95 1.91
rotated
100 1.15 1.18 1.22 1.18 1.18
200 1.27 1.22 1.20 1.18 1.19
400 1.20 1.06 1.08 1.08 1.00
800 1.45 1.46 1.46 1.40 1.37

Table 4.5: Speed-up timing experiments in seconds with varying number of dimensionality n. Speed-up is calculated as
timeorig/timenew using the results from table 4.4. Experiments where run on the rotated as well as the unrotated functions.


